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THE HOMOLOGY OF SIMPLICIAL COMPLEMENTS AND THE
COHOMOLOGY OF MOMENT-ANGLE COMPLEXES
QIBING ZHENG AND XIANGJUN WANG
Abstract. In this paper, we use the Taylor resolution of a monomial ideal I to compute the
algebra Tor
k[x]
∗
(I,k). As an application, we define the simplicial complement P of a simplicial
complex K and construct a chain complex (Λ(P), d) to compute the algebra Tor
k[x]
∗
(k(K),k).
We also give a description of the cohomology of generalized moment-angle complex with respect
to the homology of the chain complex H∗(Λ(P), d).
1. Introduction and statement of results
The moment-angle complexes have been studied by topologists for many years (cf. [19] [15]). In
1990’s Davis and Januszkiewicz [8] introduced toric manifolds theory which is studied intensively
by algebraic geometers. They observed that every quasi-toric manifold is the quotient of a
moment-angle complex by the free action of a real torus, here the moment-angle complex is
denoted by ZK corresponding to an abstract simplicial complex K. The topology of ZK is
complicated and getting more attentions by topologists lately (cf. [11] [14] [4] [18] [10]). Recently
a lot of work has been done on generalizing the moment-angle complex ZK = ZK(D
2, S1) to
pairs of spaces (X,A) (cf. [2], [3], [12], [16]). In this paper we study the cohomology of the
generalized moment-angle complexes ZK(X,A) corresponding to the pairs of spaces (X,A) with
inclusions Ai →֒ Xi being homotopic to constant for all i.
The homology algebra Tor
k[x]
∗ (k(K),k) of the Stanley-Reisner face ring k(K) of the simplicial
complex K is the cohomology of ZK (cf. [5], [20]). The usual way of computing this Tor group
is Hochster formula. But Hochster formula gives no information on the product of the algebra.
The reason is that the usual Hochster formula is obtained from the tensor product of k(K) with
the Koszul complex, which is the minimal resolution of k. But this chain complex still a module
over k(K), the actual computation is quite complicated. In this paper, we use Taylor resolution
(Definition 2.5) of the simplicial complement P (Definition 2.4) of K to get a DGA (Λ(P), d) that
give a new proof of the Hochster formula and determines the algebra structure of Tor
k[x]
∗ (k(K),k)
(Theorem 2.6). The advantage of the method is that the DGA algebra (Λ(P), d) is a vector space
over k and the product of it directly determines the product of Tor
k[x]
∗ (k(K),k). This result is
the special case Theorem 2.2, the Taylor resolution of a monomial ideal. Let P = {σ1, σ2, · · · , σs}
be a sequence of subsets of [m] = {1, 2, · · · ,m}, which is called a simplicial complement in this
paper. It is easy to see that
IP = 〈xσ1 ,xσ2 , · · · ,xσs〉
is an ideal generated by square-free monomials. Thus there is an unique simplicial complex KP
such that IKP = IP.
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Based on the computation of Tor algebras and the decomposition of ΣZK(X,A) given by
Bahri, Bendersky, Cohen and Gitler (cf. [2, 3]), we proved in Theorem 3.7 the cohomology
of the generalized moment-angle complex ΣZK(X,A) which is related very much to the group
Tor
k[x]
∗ (k(K),k). As applications, we also consider the cohomology of ZKP(X,A) for some special
triples of CW -complexes (X,A) including all the Xi are contractible; all the Ai are contractible
and (X,A) = (S2, S1).
Acknowledgements The authors are grateful to Z. Lu¨ for his introduction of this topic. The
authors are indebted to V. M. Buchstaber for his comments and suggestions, especially for the
name of definition simplicial complement which is originally called partition. The authors also
thank S. Gitler for his helpful suggestions.
2. The homology of systems of generators and the Tor algebra of face ring
In this paper, [m] = {1, 2, · · · ,m} and 2[m] is the set of all subsets of [m]. k is a field. k[x] is
the polynomial ring on m indeterminates x = {x1, x2, · · · , xm}. We always regard k[x] as a N
m
graded algebra over k, where N = {0, 1, 2, · · · }. Precisely, k[x] has a base of monomials expressed
as
xa = xa11 x
a2
2 · · ·x
am
m
for every vector a = (a1, · · · , am) ∈ N
m. For vectors ai = (ai,1, · · · , ai,m) ∈ N
m, i = 1, · · · , n, the
least common multiple a = [a1, · · · , an] is the vector (a1, · · · , am) with aj = max{a1,j, · · · , an,j}
for j = 1, · · · ,m. For one monomial a, define [a] = a.
Definition 2.1 A sequence P = {a1, a2, · · · , ak} of non-zero vectors of N
m (repetition allowed)
is called a system of generators on [m] and IP is the ideal of k[x] generated by x
a1 ,xa2 , · · · ,xak ,
i.e., IP = 〈x
a1 ,xa2 , · · · ,xak〉. Two systems of generators P and Q are equivalent if they generate
the same ideal of k[x], i.e., IP = IQ.
Definition 2.2 For a system of generators P = {a1, a2, · · · , ak}, the Taylor DGA algebra
(T (P), d) over k[x] is defined as follows. Let Λ(P) be the exterior algebra over k generated by
P, i.e., it is an algebra with unit 1 generated by a1, · · · , ak with zero relations aiai = 0 and
aiaj = −ajai for all i, j. Then algebra k[x]⊗Λ(P) (⊗ means the tensor product of algebras over
k) has a DGA algebra over k[x] structure with differential d defined by dai = x
ai for all 1 6 i 6 k
and the homological degree defined by |ai| = 1 for all 1 6 i 6 m and |x
a| = 0 for all xa ∈ k[x].
Then (T (P), d) is a DAG algebra over k[x] such that (k[x]⊗Λ(P), d) is a sub-DGA of (T (P), d)
and T (P) is generated by ai1,··· ,is (1 6 ij 6 k) with zero relations ai1 · · ·ais = x
aai1,··· ,is , where
a = ai1+ · · ·+ais−[ai1 , · · · , ais ].
By definition, the generators ai1,··· ,is of T (P) satisfies the following properties.
1) ai1,··· ,is = 0 if iu = iv for some u 6= v.
2) ai1,··· ,iu,··· ,iv ,··· ,is = −ai1,··· ,iv ,··· ,iu,··· ,is .
3) ai1,··· ,isaj1,··· ,jt = x
[ai1 ,··· ,ais ]+[aj1 ,··· ,ajt ]−[ai1 ,··· ,ais ,aj1 ,··· ,ajt ]ai1,··· ,is,j1,··· ,jt .
Theorem 2.3 For a system of generators P = {a1, a2, · · · , ak},
H0(T (P)) = k[x]/IP, Hs(T (P)) = 0 if s > 0.
Thus, (T (P), d) is a free resolution of the ring k[x]/IP as an algebra over k[x], i.e., the product
map of T (P) is naturally a chain complex homomorphism (T (P)⊗T (P), d⊗d) → (T (P), d) such
that the induced homology homomorphism is just the product map of the ring k[x]/IP.
Proof. We use induction on k, the number of monomials of P to prove that H0(T (P)) = k[x]/IP
and Hs(T (P)) = 0 if s 6= 0.
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By Leibniz formula, d(ai1 · · · ais) = Σ
s
u=1(−1)
u−1xaiuai1 · · · âiu · · · ais , so
dai1,··· ,is = Σ
s
u=1(−1)
u−1x[ai1 ,··· ,ais ]−[ai1 ,··· ,âiu ,··· ,ais ]a
i1,··· ,̂iu,··· ,is
.
Forget the DGA structure of (T (P), d) and the above formula makes (T (P), d) a chain complex
of free modules over k[x] generated by 1 and ai1,··· ,is for all 1 6 i1 < · · · < is 6 k. If the
system of generators has only 1 monomial, the conclusion is obvious. Suppose the conclusion
holds for all system of generators with less than k (k>1) monomials. Then for P = {a1, · · · , ak},
define P1 = {a1, · · · , ak−1}. From the differential formula we obviously have that (T (P1), d) is
a chain subcomplex of (T (P), d) and the quotient chain complex is isomorphic to (ΣT (P2), d)
with P2={a
′
1 = [a1, ak], · · · , a
′
k−1=[ak−1, ak]}, where Σ means uplifting the degree by 1 and the
isomorphism is defined by corresponding ai1,··· ,is,k in T (P)/T (P1) to a
′
i1,··· ,is
in ΣT (P2). By the
induction hypothesis, H0(T (P1)) = k[x]/IP1 , H0(T (P2)) = k[x]/IP2 and Hs(T (Pi)) = 0 if s > 0.
So from the long exact sequence of homology groups
· · · → H1(T (P2))→ H1(T (P1))→ H1(T (P))→ H0(T (P2))→ H0(T (P1))→ H0(T (P))→ 0
we have that H0(T (P)) = k[x]/IP and Hs(T (P)) = 0 if s 6= 0. Thus, (T (P), d) is a free resolution
of the ring k[x]/IP. By Ku¨nneth Theorem, (T (P)⊗T (P), d⊗d) is a free resolution of the ring
k[x]/IP⊗k[x]/IP. The DGA structure of (T (P), d) implies that the correspondence a⊗b → ab
is a chain complex homomorphism (T (P)⊗T (P), d⊗d) → (T (P), d). So we need only prove that
(T (P), d) is a well-defined DGA algebra over k[x]. This is in fact natural by the DGA algebra
structure of (k[x]⊗Λ(P), d). Precisely, from the formula
d
(
(ai1 · · · ais)(aj1 · · · ajt)
)
=
(
d(ai1 · · · ais)
)(
aj1 · · · ajt
)
+(−1)s
(
ai1 · · ·ais
)(
d(aj1 · · · ajt)
)
we have that
d(ai1,··· ,isaj1,··· ,jt)
= x[ai1 ,··· ,ais ]+[aj1 ,··· ,ajt ]−[ai1 ,··· ,ais ,aj1 ,··· ,ajt ]d(ai1,··· ,is,j1,··· ,jt)
=
s∑
u=1
(−1)u−1x[ai1 ,··· ,ais ]+[aj1 ,··· ,ajt ]−[ai1 ,··· ,âiu ,··· ,ais ,aj1 ,··· ,ajt ]ai1,··· ,̂iu,··· ,is,j1,··· ,jt
+
t∑
u=1
(−1)s+u−1x[ai1 ,··· ,ais [+[aj1 ,··· ,ajt ]−[ai1 ,··· ,ais ,aj1 ,··· ,âiu ,··· ,ajt ]a
i1,··· ,is,j1,··· ,̂iu,··· ,jt
=
s∑
u=1
(−1)u−1x[ai1 ,··· ,ais ]−[ai1 ,··· ,âiu ,··· ,ais ]a
i1,··· ,̂iu,··· ,is
aj1,··· ,jt
+
t∑
u=1
(−1)s+u−1x[aj1 ,··· ,ajt ]−[aj1 ,··· ,âiu ,··· ,ajt ]ai1,··· ,isaj1,··· ,̂iu,··· ,jt
=
(
dai1,··· ,is
)(
aj1,··· ,jt
)
+ (−1)s
(
ai1,··· ,is
)(
daj1,··· ,jt
)

For every σ ∈ 2[m], there is a unique vector (a1, · · · , ai) ∈ N
m defined by that ai = 1 if
i ∈ σ and ai = 0 if i 6∈ σ. In this way, we still denote the vector (a1, · · · , am) by σ and regard
2[m] as a subset of Nm consisting of all those vectors with every coordinate either 0 or 1. For
σ1, · · · , σs ∈ 2
[m] ⊂ Nm, [σ1, · · · , σs] = σ1∪ · · · ∪σs.
By Theorem 1.7 in [17] , there is a bijection between square free ideals and simplicial complexes.
A monomial ideal generated by xa1 , · · · ,xak is square free if and only if every ai ∈ 2
[m]. So we
have the following definition.
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Definition 2.4 A simplicial complement P = {σ1, · · · , σk} is a system of generators on [m]
such that every σi ∈ 2
[m] ⊂ Nm. The unique simplicial complex K with Stanley-Reisner ring
k[x]/IP is called the simplicial complex associated to P and P is called the simplicial complement
of K. The Stanley-Reisner face ring k[x]/IP of K is denoted by k(K).
Definition 2.5 Let P = {σ1, · · · , σk} be a simplicial complement on [m] of K. The DGA
algebra (Λ(P), d) over k is defined as follows. Λ(P) is generated as an algebra by elements of the
form σi1∧ · · · ∧σis (∧ is just a symbol but not a product!) satisfying the following properties.
1) σi1∧ · · · ∧σis = 0 if iu = iv for some u 6= v.
2) · · ·σiu∧ · · · ∧σiv · · · = − · · ·σiv∧ · · · ∧σiu · · · , where the omitted part remain unchanged.
3) (σi1∧ · · · ∧σis)(σj1∧ · · · ∧σjt) =
{
σi1∧ · · · ∧σis∧σj1∧ · · · ∧σjt if σiu∩σjv = φ for allu, v;
0 otherwise.
The differential d satisfies
d(σi1∧ · · · ∧σis) =
∑
u
(−1)uσi1∧ · · · ∧σ̂iu∧ · · · ∧σis ,
where the sum is taken over all u such that σi1∪ · · · ∪σ̂iu∪ · · · ∪σis = σi1∪ · · · ∪σis .
For σ ∈ Kc, let Λ
s,σ
(P) be the submodule of Λ
s
(P) generated by all σi1∧ · · · ∧σis such that
σ = σi1∪ · · · ∪σis . It is obvious that (Λ
∗,σ
(P), d) is a chain subcomplex of (Λ(P), d) such that
Λ
∗,σ
(P)Λ
∗,σ′
(P) ⊂
{
Λ
∗,σ∪σ′
(P) if σ∩σ′ = φ;
0 otherwise.
Theorem 2.6 Let P be a simplicial complement on [m] of K. There is a direct sum decom-
position
Tor
k[x]
∗ (k(K),k) = k⊕
(
⊕σ∈KcH∗(Λ
∗,σ
(P), d)
)
,
such that Tor
k[x]
0 (k(K),k) = k and for all i > 0 and σ ∈ K
c,
Tor
k[x]
∗,σ (k(K),k) = Hi(Λ
∗,σ
(P), d) = H˜i−2(linkK∗σ;k) = H˜
|σ|−i−1(K∩σ;k),
where k denotes the trivial chain complex.
Proof. By Theorem 2.3, for any module N over k[x], Tor
k[x]
∗ (k(K),k) = (T (P)⊗k[x]N, d⊗1N)
and if N is an algebra over k[x], then (T (P)⊗k[x]N, d⊗1N ) is naturally a DGA with product
defined by that for all n1, n2 ∈ N ,
(ai1,··· ,is⊗n1)(aj1,··· ,jt⊗n2) = ai1,··· ,is,j1,··· ,jt⊗x
an1n2,
where a = [ai1 , · · · , ais ]+[aj1 , · · · , ajt ]−[ai1 , · · · , ais , aj1 , · · · , ajt ]. Take N = k, the trivial alge-
bra over k[x] and we have (T (P)⊗k[x]k, d) = (Λ(P), d), with ai1,··· ,is⊗1 denoted by σi1∧ · · · ∧σis .
So Tor
k[x]
∗ (k(K),k) = H∗(Λ(P), d) and the DGA structure of (Λ(P), d) is induced from the
product of k. Thus, the direct sum decomposition exists and the isomorphism is an algebra
isomorphism. The direct proof that Hi(Λ
∗,σ
(P), d) = H˜i−2(linkK∗σ;k) is too long and we will
give it in a proceeding paper. 
Example 2.7 Compute the algebra Tor
k[x]
∗ (k(K),k), where K is as shown in Figure 1.
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Figure 1
Kc = {{1, 5}, {2, 4}, {1, 2, 3}, {1, 2, 4}, {1, 2, 5}, {1, 3, 5}, {1, 4, 5}, {2, 3, 4}, {2, 4, 5}, {3, 4, 5}}. So
we may take P = {σ1 = {1, 5}, σ2 = {2, 4}, σ3 = {1, 2, 3}, σ4 = {3, 4, 5}} to be the simplicial
complement of K.
We directly compute the chain complex (Λ(P), d). By definition, all the non-trivial differentials
are
d(σ1∧σ2∧σ3∧σ4) =− σ2∧σ3∧σ4 + σ1∧σ3∧σ4 − σ1∧σ2∧σ4 + σ1∧σ2∧σ3;
d(σ1∧σ3∧σ4) =− σ3∧σ4;
d(σ2∧σ3∧σ4) =− σ3∧σ4.
Thus the Tor
k[x]
∗ (k(K),k) is a vector space over k with a base
σ1∧σ2∧σ4
σ1∧σ2∧σ3
σ1∧σ2
σ1∧σ3
σ1∧σ4
σ2∧σ3
σ2∧σ4
σ1
σ2
σ3
σ4
1

.
Thus, Tor
k[x]
∗ (k(K),k) is a free k-module with Poincare` series 1+4x+5x2+2x3. The algebraic
structure of Tor
k[x]
∗ (k(K),k) is very easy by the product of Λ(P). The only non-trivial product
is σ1σ2 = σ1∧σ2.
This example shows the advantage of the chain complex (Λ(P), d). Usually, the computation
of Tor∗(k(K),k) is by Hochster formula, since the Koszul complex tensor with k(K) is still a
module over k(K) and the direct computation the complex is formidable. But in this example,
we may directly compute the DGA algebra (Λ(P), d) without using Hochster formula.
Definition 2.8 Let P = {σ1, σ2, · · · , σs} be a simplicial complement on [m] of K. For ω ⊂ [m],
the ω-compression of P is defined by
EωP = {σ1\ω, σ2\ω, · · · , σs\ω}.
For an arbitrary simplex ω ∈ K, define its link and star to be the subcomplexes
starKω = {τ ∈ K|ω∪τ ∈ K}, linkKω = {τ ∈ K|ω∪τ ∈ K,ω∩τ = φ} = starKω ∩ ([m]\ω).
Theorem 2.9 Let P be a simplicial complement of the simplicial complex K. Then for any
ω ⊂ [m], EωP is the simplicial complement of the simplicial complex starKω. Thus for any
σ ∈ starKω and i > 0,
Hi,σ(Λ
∗,σ
(EωP), d) = Tor
k[x]
i,σ (k(starKω),k),
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and
Hq,[m]\ω(Λ
∗,[m]\ω
(EωP), d) = H˜
m−|ω|−q−1(linkKω,k).
Proof. We may suppose P = {Kc}, the set of non-faces of K (in any order). Then
(starKω)
c = {τ |ω∪τ 6∈ K} = {σ\ω |σ ∈ Kc} = EωP.
So by Theorem 2.6 and Hochster formula Hq,ω(Λ
∗,ω
(EωP), d) = H˜
m−|ω|−q−1(starKω∩ω,k) =
H˜m−|ω|−q−1(linkKω,k), where ω = [m]\ω. 
3. The cohomology of generalized moment-angle complexes
In this section we consider the cohomology module of the generalized moment-angle complex.
Recall from [2] [3],
Definition 3.1 Let (X,A) = {(Xi, Ai, xi)|i ∈ [m]} be a set of pointed CW -pairs (Xi, Ai, xi)
((Ai, xi) is a pointed CW-subcomplex of (Xi, xi)) and K be an abstract simplicial complex. The
generalized moment-angle complex determined by (X,A) and K denoted by ZK(X,A) is defined
as follows. For every ω ∈ K, let D(ω) = Y1×Y2× · · ·×Ym, where Yi = Xi if i ∈ ω and Yi = Ai
if i 6∈ ω. Then the generalized moment-angle complex is
ZK(X,A) =
⋃
ω∈K
D(ω).
Let Y1∧Y2∧ · · · ∧Ym be the smash product given by the quotient space
Y1×Y2× · · · ×Ym/S(Y1×Y2× · · · ×Ym)
where S(Y1×Y2× · · ·×Ym) is the subspace of the product with at least one coordinate given by the
base-point xi ∈ Yi. The generalized smash moment-angle complex is defined to be the image of
ZK(X,A) in X1∧X2∧ · · · ∧Xm, i.e.,
ẐK(X,A) =
⋃
ω∈K
D̂(ω),
where D̂(ω) = Y1∧Y2∧ · · · ∧Ym with Yi = Xi if i ∈ ω and Yi = Ai if i 6∈ ω.
Given a non-empty subset I = {i1, i2, · · · , ik} ⊂ [m] and a family of pointed pairs (X,A),
define
(XI , AI) = {(Xij , Aij )|ij ∈ I}
which is the subfamily of (X,A) determined by I. It is known from [2, 3] that
H : Σ(ZK(X,A)) −→Σ
 ∨
I⊂[m]
ẐK∩I(XI , AI)
(3.2)
is a natural pointed homotopy equivalence. Precisely, let ω ⊂ I and D̂I(ω) = Yi1∧Yi2∧ · · · ∧Yik
with Yij = Xij if ij ∈ ω and Yij = Aij if ij 6∈ ω. Then
ẐK∩I(XI , AI) =
⋃
ω∈K∩I
D̂I(ω).
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Associated to a simplicial complex K, there is a partial ordered set (poset) K with point σ
in K corresponding to a simplex σ ∈ K and order given by reverse inclusion of simplices. Thus
σ1 6 σ2 in K if and only if σ2 ⊆ σ1 in K. Given an ω ∈ K there are further posets given by
K<ω ={τ ∈ K|τ < ω} = {τ ∈ K|ω  τ} and
K6ω ={τ ∈ K|τ 6 ω} = {τ ∈ K|ω ⊂ τ}.
Given a poset P , the order complex ∆(P ) is the simplicial complex with vertices given by set
of points of P and k-simplices given by ordered (k + 1)-tuples (p0, p1, · · · , pk) with p0 < p1 <
· · · < pk. It follows that ∆(K)<φ = K
′
P is the barycentric subdivision of K.
Given a simplicial complex K, we use |K| to denote its geometric realization. The symbol
|K| ∗ Y denotes the join of K and Y . If Y is a pointed CW -complex, then |K| ∗ Y has the
homotopy type of Σ|K| ∧ Y .
Theorem (Bahri, Bendersky, Cohen and Gitler [2, 3] 2.12) Let K be an abstract
simplicial complex and K its associated poset. Let (X,A) = {(Xi, Ai, xi)|i ∈ [m]} denote m
choices of connected, pointed pairs of CW -complexes, with the inclusion Ai →֒ Xi homotopic to
constant for all i. Then there is a homotopy equivalence
ẐK(X,A) −→
∨
ω∈K
|∆(K<ω)| ∗ D̂(ω).
From (3.2), we see that if Ai →֒ Xi are null-homotopic for all i, then
Σ(ZK(X,A) ≃Σ
 ∨
I⊂[m]
ẐK∩I(XI , AI)

≃Σ
 ∨
I⊂[m]
( ∨
ω∈K∩I
|∆(K ∩ I<ω)| ∗ D̂I(ω)
) .
Fix an ω ∈ K, it is easy to see that ω ∈ K ∩ I if and only if ω ⊂ I. Thus Σ(ZK(X,A) has the
homotopy type of ∨
I⊂[m]
( ∨
ω∈K∩I
|∆(K ∩ I<ω)| ∗ D̂I(ω)
) =
 ∨
ω∈K
 ∨
ω⊂I⊂[m]
|∆(K ∩ I<ω)| ∗ D̂I(ω)

≃
 ∨
ω∈K
 ∨
ω⊂I⊂[m]
Σ|∆(K ∩ I<ω)| ∧ D̂I(ω)
(3.3)
Remark 3.4 If ω is a maximum face of K ∩ I in the sense that ω ∈ K ∩ I but it is not a
proper subset of any other simplices, then K ∩ I<ω = {τ ∈ K ∩ I|ω  τ} = ∅. The simplicial
complex ∆(K ∩ I<ω) = {φ} is the empty simplicial complex. Here we use the agreement
|{φ}| ∗ D̂I(ω) =D̂I(ω) and Σ|{φ}| ∧ D̂I(ω) =D̂I(ω).
Combine with the agreement in Theorem 2.8, H˜−1(|{φ}|,k) = k, we have
H˜0(Σ|{φ}|,k) =k and H˜∗(Σ|{φ}| ∧ D̂I(ω),k) =H˜
∗(D̂I(ω),k)
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Consider the reduced cohomology of ZK(X,A), we see from (5.3) that:
H˜∗(ZK(X,A),k) =
⊕
ω∈K
 ⊕
ω⊂I⊂[m]
H˜∗
(
Σ|∆(K ∩ I<ω)| ∧ D̂I(ω),k
) .(3.5)
Furthermore suppose that there is no Tor problem in the Ku¨nneth formulae for the cohomology
of Σ|∆(K ∩ I<ω)| ∧ D̂I(ω) (For example, take k to be a field or suppose that H˜
∗(Xi,k) and
H˜∗(Ai,k) are free k-modules for all i). Then from
D̂I(ω) =Yi1 ∧ Yi2 ∧ · · · ∧ Yik ≃
(∧
i∈ω
Xi
)∧ ∧
j∈I\ω
Aj
 ,
H∗(D̂I(ω),k) =
(⊗
i∈ω
H˜∗(Xi,k)
)
⊗
 ⊗
j∈I\ω
H˜∗(Aj ,k)

which is a free k-module, we have
H˜∗
(
Σ|∆(K ∩ I<ω)| ∧ D̂I(ω),k
)
= H˜∗
(
Σ|∆(K ∩ I<ω)|,k
)
⊗ H˜∗
(
D̂I(ω),k
)
(3.6)
=H˜∗(Σ|∆(K ∩ I<ω)|,k)⊗
(⊗
i∈ω
H˜∗(Xi,k)
)
⊗
 ⊗
j∈I\ω
H˜∗(Aj ,k)
 .
Theorem 3.7 Let K be a (abstract) simplicial complex with simplicial complement P and
(X,A) = {(Xi, Ai, xi)|i ∈ [m]} a set of pointed CW -complex pairs such that the inclusion Ai →֒
Xi homotopic to constant for all i. Then the cohomology of ZK(X,A) over k is isomorphic to
H∗(ZK(X,A),k) =
⊕
ω∈K
⊕
σ
H∗,σ(Λ
∗,σ(EωP), d)⊗
(⊗
i∈ω
H˜∗(Xi,k)
)
⊗
⊗
j∈σ
H˜∗(Aj ,k)

as vector spaces over k, where
H∗,σ(Λ
∗,σ(EωP), d) ∼= Tor
k[x]
∗,σ (k(starKω),k)
subject to σ ⊂ [m] \ ω.
Proof. Given an ω ⊂ I, from its definition we see that the posets
K ∩ I6ω ={τ ∈ K ∩ I|ω ⊂ τ} = {τ ∈ K|ω ⊂ τ ⊂ I} and
linkK∩Iω ={τ
′ ∈ K ∩ I|ω ∪ τ ′ ∈ K ∩ I, τ ′ ∩ ω = φ}
={τ ′ ∈ K|ω ∪ τ ′ ∈ K, τ ′ ∩ ω = φ, and τ ′ ⊂ I} = (linkKω) ∩ I6φ.
There is a one to one correspondence between the posets Ψ : K ∩ I<ω −→ (linkKω) ∩ I<φ given
by Ψ(τ) = τ \ ω. Thus the order complex ∆(K ∩ I<ω) = ((linkKω) ∩ I)
′ is the barycentric
subdivision of (linkKω) ∩ I and then
H˜∗(Σ|∆(K ∩ I<ω)|,k) = H˜
∗−1(|∆(K ∩ I<ω)|,k) = H˜
∗−1((linkKω) ∩ I,k).(3.8)
Since linkKω = starKω ∩ ([m]\ω), we have
(linkKω) ∩ I = starKω ∩ ([m]\ω) ∩ I = starKω ∩ (I\ω).
from Theorem 2.9 and (3.8) we have
Hq,I\ω(Λ
∗,I\ω(EωP), d) =H˜
|I\ω|−q−1((linkKω) ∩ I,k) = H˜
|I\ω|−q(Σ|∆(K ∩ I<ω)|,k)
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From the definition of EωP = {σ1\ω, σ2\ω, · · · , σs\ω}, we see that the homology of the sim-
plicial complement Hq,σ(Λ
∗,σ(EωP), d) is concentrated in σ ⊂ [m]\ω. For ω ⊂ I ⊂ [m], denote
σ = I\ω. Then we have
Hq,σ(Λ
∗,σ(EωP), d) = H˜
|σ|−q(Σ|∆(K ∩ (σ ∪ ω)<ω)|,k).
Apply this formula to (3.6) and (3.5) we get
H˜∗(ZK(X,A),k) =
⊕
ω∈K
 ⊕
σ⊂[m]\ω
H˜∗
(
Σ|∆(K ∩ (ω ∪ σ)<ω)| ∧ D̂ω∪σ(ω),k
)
=
⊕
ω∈K
 ⊕
σ⊂[m]\ω
Hq,σ(Λ
∗,σ(EωP), d)⊗
(⊗
i∈ω
H˜∗(Xi,k)
)
⊗
⊗
j∈σ
H˜∗(Aj ,k)

where I = ω ∪ σ 6= φ.
The theorem follows from H0(ZK(X,A),k) = k and the agreement by taking I = ω = σ = φ
to be the empty set
H0,φ(Λ
∗,φ[EφP], d)⊗
⊗
i∈φ
H˜∗(Xi,k)
 ⊗
⊗
j∈φ
H˜∗(Aj ,k)
 = k.

Remark For ω 6∈ K, the empty set φ is an element of EωP and H∗,∗(Λ
∗,∗
(EωP), d) ≡ 0. Thus
Theorem 3.7 could be written as
H∗(ZK(X,A),k)
=
⊕
ω∈[m]
⊕
σ∈[m]
H∗,σ(Λ
∗,σ
(EωP), d)⊗
(⊗
i∈ω
H˜∗(Xi,k)
)
⊗
⊗
j∈σ
H˜∗(Aj ,k)
(3.9)
Corollary 3.10 If all the Ai are contractible, then
H∗(ZK(X,A),k) =
⊕
ω∈K
(⊗
i∈ω
H˜∗(Xi,k)
)
Proof. If all the Ai are contractible then
⊗
j∈τ
H˜∗(Aj ,k) = 0 for any non-empty set τ . The corol-
lary follows from H0,φ(Λ
∗,φ
(EωP), d) = k if ω ∈ K. 
Corollary 3.11 If all the Xi are contractible, then
H∗(ZK(X,A),k) =
⊕
σ
H∗,σ(Λ∗,σ(P), d) ⊗
⊗
j∈σ
H˜∗(Aj ,k)
 .
Furthermore take Xi = D
2 and Ai = S
1 for all i,
Hr(ZK ,k) = H
2|σ|−q(ZK(D
2, S1),k) =
⊕
2|σ|−q=r
Hq,σ(Λ
∗,σ
(P), d),
where Hq,σ(Λ
∗,σ
(P), d) = Tor
k[x]
q,σ (k(K),k).
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Proof. If all the Xi are contractible, then
⊗
i∈ω
H˜∗(Xi,k) = 0 for any non-empty set ω. The
corollary follows from
H∗(ZK(X,A),k) =
⊕
σ
H∗,σ(Λ
∗,σ
[EφP], d)⊗
⊗
i∈φ
H˜∗(Xi,k)
⊗
⊗
j∈σ
H˜∗(Aj ,k)

and the agreement
⊗
i∈φ
H˜∗(Xi,k) = k. 
Proposition 3.12 Let Xi = S
2 and Ai = S
1 all i. Then
Hr(ZK(S
2, S1),k) =
⊕
ω ∈ K
2|ω|+ 2|σ| − q = r
(⊕
σ
Hq,σ(Λ
∗,σ
(EωP), d)
)
.
The isomorphism is an algebra isomorphism by Theorem 7.6 of [?].
Proof. Noticed that D̂ω∪σ(ω) is the 2|ω|+ |σ| sphere if ω ∩ σ = φ,
D̂ω∪σ(ω) =
(∧
i∈ω
S2
)
∧
∧
j∈σ
S1
 = S2|ω|+|σ|,
we see from (3.5) that
H∗(ZK(X,A),k) =
⊕
ω∈K
 ⊕
σ⊂[m]\ω
H˜∗
(
Σ2|ω|+|σ|+1|∆(K ∩ (ω ∪ σ)<ω|,k
)
including ω = σ = φ. The result follows from
H˜ |σ|−q
(
Σ|∆(K ∩ (ω ∪ σ<ω)|,k
)
= Hq,σ(Λ
∗,σ
(EωP), d).

We finish this paper by giving an example.
Example 3.13 Let m = 6 and the simplicial complement P = {σ1 = {1, 2}, σ2 = {3, 4}, σ3 =
{5, 6}}. The corresponding simplicial complex is a triangulation of the sphere S2 (see Finger 2)
1
3
5
2
4
6
Finger 2
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The cohomology ring of ZK = ZK(D
2, S1) can be easily obtained from the homology of the
simplicial complement P = {σ1 = {1, 2}, σ2 = {3, 4}, σ3 = {5, 6}} and
H∗,∗(Λ
∗,τ
(P), d) ∼= Λ
∗,∗
({σ1, σ2, σ3}).
Since the algebra Λ
∗,∗
({σ1, σ2, σ3}) is just the exterior algebra Λ(σ1, σ2, σ3) over k generated by
P, so is the cohomology ring H∗(ZK ,k). The Poincare` series of H
∗(ZK ,k) is 1 + 3x
3 +3x6 + x9
and the total Betti number of ZK is 8.
Now consider the cohomology of ZK(S
2, S1). We start from computing the homology of the
simplicial complement EωP with ω ∈ K:
(1) Take ω = φ, the homology of the simplicial complement EφP is Λ(σ1, σ2, σ3). Thus the
graded vector space⊕
σ
H∗,σ(Λ
∗,σ
(EφP), d) = Λ
∗,∗({σ1, σ2, σ3})
has Poincare` series 1 + 3x3 + 3x6 + x9.
(2) Take ω = {1} (similarly, take any of its 6 0-simplex ω = {i}, i ∈ [6]), the homology of
the simplicial complement E{i}P is Λ
∗,∗
[E{i}P]. Thus the graded vector space⊕
σ
H∗,σ(Λ
∗,σ
(E{i}P), d)
has Poincare` series x2(1 + x+ 2x3 + 2x4 + x6 + x7).
(3) Take ω = {1, 3} and similarly any of its 12 1-simplex ω = {i1, i2}, the homology of the
corresponding simplicial complement is Λ
∗,∗
(E{i1,i2}P). The graded vector space⊕
σ
H∗,σ(Λ
∗,σ
(E{i1,i2}P), d)
is the free k-module with Poincare` series x4(1 + 2x+ x2 + x3 + 2x4 + x5).
(4) Take ω = {1, 3, 5} and similarly any of its 8 2-simplex ω = {i1, i2, i3}, the homology of
the corresponding simplicial complement is Λ
∗,∗
(E{i1,i2,i3}P). The graded vector space⊕
σ
H∗,σ(Λ
∗,σ
(E{i1,i2 i3}P), d)
has Poincare` series x6(1 + 3x+ 3x2 + x3).
Thus
H∗(ZK(S
2, S1),k) =
⊕
ω∈K
(⊕
τ
Hq,τ (Λ
∗,τ
(EωP), d)
)
has Poincare` series
(1 + 3x3 + 3x6 + x9)
+6x2(1 + x+ 2x3 + 2x4 + x6 + x7)
+12x4(1 + 2x+ x2 + x3 + 2x4 + x5)
+8x6(1 + 3x+ 3x2 + x3)
=1 + 6x2 + 9x3 + 12x4 + 36x5 + 35x6 + 36x7 + 54x8 + 27x9
The total Betti number of ZK(S
2, S1) is 216.
12 Q. ZHENG & X. WANG
References
[1] C. Allday and V. Puppe, Cohomological Methords in Transformation Groups, Cambridge Studies in Advanced
Mathematics, 32, Cambridge University Press, 1993.
[2] A. Bahri, M.Bendersky, F. R. Cohen and S. Gitler, Decompositions of the polyhedral product functor with
applications to moment-angle complexes and related spaces, Proc. Nat. Acad. Sci. U. S. A. 106 (2009),
12241-12244.
[3] A. Bahri, M. Bendersky, F. R. Cohen and S. Gitler, The polyhedral product functor: A methord of computation
for moment-angle complexes, arrangement and related spaces, preprint arXiv:0711.4689v2 [math.AT] 8 Dec
2008.
[4] I. Baskakov, Cohomology of K-powers of spaces and the combinatorics of simplicial divisions, Russian Math.
Surveys 57 (2002), no. 5, 989-990.
[5] V. M. Buchstaber and T. E. Panov, Torus Actions and Their Applications in Topology and Combinatorics,
University Lecture Series, Vol. 24, Amer. Math. Soc. Providence, RI, 2002.
[6] V. M. Buchstaber and T. E. Panov, Combinatorics of simplicial cell complexes and tours action, Proc. Steklov
Inst. Math. 247 (2004), 33-49.
[7] X. Cao and Z. Lu¨, Mo¨bius transform, moment-angle complexes and Halperin-Carlsson conjecture, preprint.
arXiv:0908.3174v2 [math.CO] 12 Sep 2009.
[8] M. W. Davis and T. Januszkiewicz, Convex polytopes, coxeter orbifolds and torus action, Duck Math. J. 62
(1991), 417-451.
[9] G. Denham and A. Suciu, Moment-angle complexes, monomial ideals and Massey products, Pure Appl. Math.
Q. 3 (2007), 25-60.
[10] M. Franz, The intergral cohomology of toric manifolds, Proc. Steklov Inst. Math. 252 (2006), 53-62. [Pro-
ceedings of the Keldysh Conference, Moscow 2004].
[11] R. Goresky and R. MacPherson, Stratified Morse Theory, Ergeb. Math. Grenzgeb., Vol. 14, Springer-Verlag,
Berlin, 1988.
[12] J. Grbic and R. Theriault, Homotopy type of the complement of a coordinate sunspace arrangement of
codimension two, Russian Math. Surveys 59 (2004), no. 3, 1207-1209.
[13] P. J. Hilton, U. Stammbach, A Course in Homological Algebra, Berlin-Heideberg-New York: Springer 1971.
[14] M. Hoster, Cohen-Macaulay ring, combinatorics and simplecial complexes, in: Ring theory, II (Proc. Second
Conf. Univ. Oklahoma, Norman, Okla., 1975), pp. 171-223.
[15] S. Lopez de Medrano, Topology of the intersection of quadrics in Rn, in Algebraic Topology (Arcata Ca),
Springer Verlag LNM 1370 (1989), Springer Verlag.
[16] Z. Lu and T. Panov, Moment-angle complexes from simplicial posets, preprint arXiv:0912.2219v1 [math.AT]
11 Dec 2009.
[17] E. Miller and B. Sturmfels, Combinatorial Commutative Algebra, Graduate Texts in Math. 227, Springer,
2005.
[18] T. E. Panov, Cohomology of face rings and tours actions, London Math. Soc. Lect. Notes Ser. 347 (2008),
165-201.
[19] G. Porter, The homotopy groups of wedge of suspensions, Amer. J. Math., 88 (1966), 655-663.
[20] R. P. Stanley Combinatorics and Commutative Algebra second edition, Progress in Math. 41 Birkhauser,
Boston, 1996.
[21] Y. Ustinovsky, Toral rank conjecture for moment-angle complexes, preprint arXiv:0909.1053v2 [math.AT] 29
Sep 2009.
[22] R. Vogt, Homotopy limits and colimits, Math. Z. 134 (1973), 11-52.
School of Mathematical Sciences and LPMC, Nankai University, Tianjin, 300071, P.R.China.
E-mail address: xjwang@nankai.edu.cn
School of Mathematical Science and LPMC, Nankai University, Tianjin, 300071, P.R.China
E-mail address: zhengqb@nankai.edu.cn
